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INTRODUCTION 


The differential equation 
— + 15 et * N R 11 (x + § (xe = 0 


was considered by Frobenius and Puchs es early es 1866. 
Sinee that time various other writers have added to the 
works of these men. Solutions for the general cease and for 
n= 2 appear in many text-books. In this paper the author 
employs the method used by Frobenius in hie solution of the 
general case (1, 2, 3, 4). 

The differential equation 


3 2 
wag + xp, (x) S3 * xP (x) a 20 


in which P,(x), F,(x), and P,(x) are holomorphic at x = 0, 
is said to have a regular point at x 0. This is the most 
general differential equation whose solutions contain a 
‘finite wunder of terms with negative exponenta, ‘Solutions. 
of this kind are ealied reguler solutions. The singular 
point in question is called the regular singular point. 

Any set of three linearly independent solutions of the 
Gifferentiel equation is celled a fundamental set of | 
solutions because it has the property that any solution of 
the equation can be expressed linearly in terms of that 
not. 


The problem to be solved here is thet of finding 
fundementel sets of solutions of the differential equation 
under all possible hypotheses with regard to the 
coefficients 740K), Pol(x), end g(x). 


WSTHOD OF SOLUTION 


The differentiell equation under consider tion 18 
1 nae . 227 3 (0 E „ „a = 0 
(1) * aS 10) Kg a 3 * 


in whieh the FK) ere holomorphiog 1. Se, they may be 
expended in the power series 


0 
7 % , 41, 2, 8). 
Let the question be reised whether or not there exists 
© solution in the form of the power series 


mo 
* bat 


E 
(2) = 8 dn. 


The substitution of the velues for the Py end 2 in (1), 
transforms (1) into 


Sb + ein + r= 1% + r= he- 


+ ba? e ee + ein + r= eee 
oS 
open + o)ghtrel 
* Pak o Sok ner 


+ Dp eee 0. 


This may be rewritten in the form 


* | 
(3) EA rn er- ihn er- har 


2 
* eee e e e e 
* (mn * har = By * 
2 
* 89 2 45 | * 0. 

Upon equating to sero the coefficients of the various 
powers of x in (35), there results for the determination of 
the coefficients d the set of equations 

der (r) * O, 

daf (r + 1) + d 72 () = O, 

bof(r + 2) filr 1) + do falr) = oO, 
(4) “eer eoeeeeveeeeneveeuneeve 

daf (y * n) * 9517 (7 n 2 1 + d fer *n- 2) 

22 * 10 10 * dr) * 0, 
where 

f(r) rr + L}ir + 2) + rip - 19410 + r + 83 0° 
f(r) = alr - 1 * 1 1 * 3 1. 
falr) rr 1921 + ra * ag. 


nr 2 2 2 oe 8 6.2 28 ee Se 


=. &« © © & ¢ @ > * 88 * G 6 


en-1 07) = ole = 1a, nig * Phe ner * 4-1. 
enter) = r(r 10% %% * 3 n° 
The equation 

(8) f(r) = 0 
{8 called the indieial equations vor each value of r which 
satisfies this equation the values of the D* in terms of b, 
are uniquely determined by (4). ‘The nature of the roote 
determines the character of the solution. ‘There are six 
eases to be considered. 


GaSe I 


The roots of (5) are all distinct and no two of them 
deter by en integer. ach of the oxpressions 


2, = 121855 vi ae 2 ii. 
tg 2 PSD, e stel, 


is a solution of (1). It will be shown that these 
solutions constitute ea fundamental set. 

It ie to be shown that zero is the only value for the 
Gy such that 


(6) 6121 + nn * 832 * 0. 


Tf the mmber & be represent in the complex plane, 


(7) 171 = eMyllog p * 16), 
If the amplitude 4s increased by ann, (7) becomes 
* 1 = ellos p+ 10). ür, neds 
and 
x1 „ of (log p * 40%, „ar, n = 1. 


Hence each of the equations 
858, * %%% %%% 7 9, 


11% % % = 0 


8, arg, 
is trae if (6) to true, | | 
The determinant of the evefficients is 
ie gee ! 
51 Sg 80 (5, 30% + 54)(3, = 8.) 0. 
sf 9 9 
Therefore, in order for the equation 
01% + % ½%½ = o, 
to be true, the following relation must exist: 
Cy * Gg o. 


CASE IT 

(5) has a double root and one which is not different 
dy an integer. 

Let by be an arbitrary function of r, where r is in a 
region C of the complex plene from which ere excluded by 
smell circles the points congruent on the left to r,, 1. 
Poe 

Consider the equation 
(8) D2) = bj (r)f(r)x”, 
where 


D(z) 3 —. — ry (x) + era + Pa (x)&e 


nie equation ie not the same as (1), but when r =r), 
71, re, it reduces to (1). 

Sinee r, is W double root of (5), the derivative of 
the right member, and consequently the derivative of the 
left member vanish for r 1713 1. Gey 


a [o« 2 ise 0 


whencs 


% 2 a" ’ 2 = = 
es 5 716505 + xPp(x)28 + 50032 o, PoP. 


b. gh. 
or 
* mae x" P(x) rel + Kl) (ss) * 730) es = 0, 
from whieh it is seen that 38 is a solution of (1) 1 


*. 


Hence each of the expressions 


21 x71 a dri), 
2 1 ze byte, de 71 pe du (ry )x“log x, 


x» 
4% * =. dulrz h, 
ie a solution of {1). It will be shown that they consti- 
tute a fundamental set, 


Agein it 1a to be shown that zero is the only value 
for the d, such chat 


3121 0 + Cat, 0. 
Since the solutions of dase I are linearly independent, 


it will suffice to show that 


1% * o,%, = 0 


only if the d, = 0. This will be done through the use of 
the theorem: ITF the u,(x) are single valued, the relation 


(9) wy (x) + agta)log = * u,(x)log® x = 0 
is true only if the usix) @ 0%, 
Sinoe x = p, (0) may be written 
(20) u(x) + p(x) flog p + 16] + ug(x) flog p + 2% = 0, 
Tf the amplitude is inoreased by an, (10) becomes 
g(x) ant) flog p + 16 + an, 
* ustx) hog p * 10 + Bint]? = 0 

which may be rewritten 
(u) u,(x) + u,(x)log p + u,(x)ie + u,{x)2int 

* ug(m)log” p = uta n (ae 

, (106 p ( + eee o 

- 4 ,t o. 


tf (12) is to be true, the coefficients of the various 


powers of n ust be identically sore. Hence 


- = 0, 
amd therefore 
u (n] @ O. 
Likeviee a, (x) * O, end consequently a, (x) @ Os 
Oe 0g 0. 


may be written in the forms 
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G18, (x) * Gog, (x)log x + g=) = 0. 
The preseding discussion shows that if tl 3 relation is 
true 


C6, (x) = O35 
but since gg) A o, 
* 
and therefore 
cy * Os 


Hence in order for the equation 
4% * Spe * Oss = 0 
to be true, the following relation must exist: 
G, = % = Gy =. 
Case IIT 


(S) has a triple root. 
By a slight extension of the discussion of Case II it 
is found that each of the expressions 
21 va b(n, x, 
@ 

* 1 3 byte + x2 S wtezb dcs a. 

oo 2 

= * 1 „(r. * „ 21 (r. xl 
23 — dri 2. Up te, ia" leg = 
9 
„ uri 40g x, 


ie a solution of (1). The linear independence of the 
solutions foil es Girestly from the theorem mentioned in 
Case II. Nense, the solutions constitute a fundemental 
sete 


Gash IV 


(5) has the roots 11, ro U a, and % whieh 40 
not different dy an integer. 


Let 
(12) del) a flr + 1)(e * 2) oo err nel) 
where gr 0 for Py» v, Pgs then all the d are finite, 
if n g. 

Consider the equation 
(13) Dis) @ delrhrtrhe, 
where 


2 
Dis) « xg * xr (SS » xP (804 „ba. 


This equation is not the same as (1), but when r = ry, 
Te» , it reduces to (2). 

if f(r) contains the feotora ( 5 ) (r r. 4. 
and (r 1% the q th factor of (12) contains the factors 
r fP, * J, (ep «fe, ), and dr rg JZ). Since 
t «(ey 4 is a double root of (13), the derivative of 
the right member, and consequently the derivative of the 
left member vanish for r =r, * a, de Gey 


dpe] =o 
rer, 
whence 
9 + Py (2) 98 + xi p(n) * 1541 20, P * Pye 


Since 22 * 20 
Ir or 
me 2 n 92 17 92 * 
* * * yon + xP, (x) =) + 75 O, 
from which it is seen that 18 a solution of (1) if 
r * Poe 
Hence each of the expressions 
— 
21 * * S. d (rat 
E 
2. x2 2. dür + x2 3 by (Pp )x"Log Xs 
2 
a. * x's S. dtr., 
is a solution of (1). They can be shown to constitute a 
fundamental set dy the method employed in Gase II. 


GASE V 


(5) has the roots v, % #7, + dp and Fr, eT, * De 


By a slight extension of the discussion of Case IV it 
is found that each of the expressions 


2 1 „ . rte 


12 


22 x72 = r 2 a (rz) 10g x, 
2 ** = dür s = bE tr “log x 
+ xs 3 b, (v5 )x*log® x, 


ie a solution of (1). They can be shown to constitute a 
Fundamental set by the method employed in Case II. 


GaSE VI 


(S) nas the roots r,, r i, and rT, a 21 * Ge 
Ae in by a slight extension of the discussion of 
Case I/ it is found that each of the expressions 


228 = Wutz. 

22 271 5 dri) * 1 a d, (Py xlog 45 

2 * x"s pal (rz) + 2 * 3 = dE (rs )x“log x 
+ x3 = Wr )x“10g" x, 


is a solution of (1). Here again the method employed in 
Case II will show that they constitute a fundamental set. 


14 
CONVERGENCE OF THE SOLUTIONS 


The subds*i tution 
anf 


2 * ye 


transforms (1) inte an equation in which as is missing. 


Thus, without loss of generality, P(x) may be set equal 
to gero. 


Hor: 
rata) % + Oy 1 + hp ok tees 


and 
Py (2) = 4 0 > i * 2398. ees 
whence 
f(r) = (r= I)er 2) + ® oF 92 0 
* 
and 


„r) Bo r * 95 ye (v= 1, 8, 2 « ede 
assume that the P's converge absolutely for = p- 
Then 


Bost <tr 


leo P| <Mge 


and therefore 


4 v 5 (v= i, 
also 
|*s,vl< * i, 
Choose che larger of end M., then 
4 27 n 
7 
and 
|*s,¥| < — 1 
7 
Moose |r! < Re 
Then 


eat] e A % 
< oe + or 
f(r) < ae . 


For vn, fir + v) vanishes for no value of r in Cs 


2,9 


2, %fůUg 


2% 


2,% ). 


f(r + v) 4s of the 3 rd degree in v and the coefficiont of 


v” ts 1, therefore 
2 ansincieamisinen: 1. 
vom f(r + v) 
For v> n 
n e 2 
f(r + v) 
where 7’ is a finite positive quanity. 


Therefore 


ta Se 


Tt will be shown thet there exists 2 quantity 
independent of r such that for all values of r in 0 


(14) {>| $ 2 e By „ abt 


Let U be a positive integer not less than ne Then 0 cen be 
chosen large enough so that (14) is true for u= 1, 2, 
„ u., Assume thet this oan be done for u= 0, 1, 2, « « « 
1, when vn. Then 


fi(r * v + 1) „r + 1) f,(r) 
bh, = ———— 6565 „„ el. e ee 5 
v f(r + v) 5-1 f(r + v) 51 für *#v) ° 


and hence 
bs) $ fe + 1) 2 9% „ « * R (R + 1)2 * Ain + ase} 
een Uae ee p pt 


wo(R +2). 
— 


Therefore 
R + 
fo, | , 
Choose now N FR. 1). Since ven, 


pepe, 


g 
bel < pee 


and therefore (14) is true. 
Thus for xi <p and all r in ¢ 


bs of". 
Since the series 


pr 


v= 
converges uniformly for ixi<p' when o < o, the series 
D dere 
v * 
is absolutely and uniformly convergent for Ix! < p“ and ell 
rin 8. 


CONCLITSION 


The differential equstion 
ee — xp, (x) + 412 + P(x)e = © 


does have a solution in the form of the power series 


«2 
2 =, ‘wt 


In every case the fundementel set of solutions depends 
upon the nature of the roots of the indiciel equation. 


17 
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